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£NJ ■ Abstract. Kwai Man Fan proved that if the intersection lattice of a line ar- 

rangement does not contain a cycle, then the fundamental group of its comple- 
ment is a direct sum of infinite and cyclic free groups. He also conjectured that 
the converse is true as well. The main purpose of this paper is to prove this 
conjecture. 
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43 . 1. Introduction 

An arrangement of lines is a finite collection of C -linear subspaces of dimension 
1. For such an arrangement E C C 2 , there is a natural projective arrangement E* 
of lines in CP 2 associated to it, obtained by adding to each line its corresponding 
point at infinity. The problem of finding connections between the topology of the 
CO ! different iable structure of C 2 — E and the combinatorial theory of E is one of the 

^ ' main problems in the theory of line arrangements (see for example [CoSu]) . The 

if} ■ main motivations for studying the topology of C 2 — E are derived from the areas 

q ! of hypergeometric functions, singularity theory and algebraic geometry. Note that 

if 3 points are on the same line we do not consider it as a cycle. 

Given an arrangement E, we define the graph G(S) which lies on the arrange- 
ment. Its vertices are the multiple points (with multiplicity > 3) and the edges 
are the segments between multiple points on lines which pass through more than 
one multiple point. If two lines occur to meet in a simple point we ignore it (i.e. 
ctf 1 we do not consider it as a vertex of the graph). 

In 1994, Jiang and Yau [JY] defined the concept of a "nice" arrangement. For 
E, they define a graph G(V,E): The vertices are the multiple points of E. u, v 
are connected if there exists I G E such that: u, v G I. For v G V define a 
subgraph G^(v): The vertex set is v and all his neighbors from E (pay attention 
this definition differs from the definition of fan). 

E is nice if there is V C V such that Es(v) PI E^iu) = for all u, v G V, and if 
we delete the vertex v and the edges of its subgraph G-z{v) from G, for all v G V 
we get a forest (i.e. a graph without cycles). 

They have proven several properties of those arrangements: 

(a) If Ai,A 2 are nice arrangements and their lattices are isomorphic, then 
their complements C 2 — Ai and C 2 — A 2 are diffeomorphic. This property 
naturally implies that ^(C 2 - A x ) = 7Ti(C 2 - A 2 ). 

l 
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(b) As a consequence of (a), they showed that the presentation of the fun- 
damental group of the complement can be written explicitly and depends 
only on the lattice of the line arrangement. 

In 2005, Wang and Yau [WY] continued this direction and proved that the results 
of Jiang- Yau hold for a much larger family of arrangements, which they call simple 
arrangements. 

Falk [Flk] shows several examples of line arrangements with the same homo- 
topy types but with different lattices. Fan [Fal] proved that up to 6 lines the 
fundamental group of a real line arrangement is determined by the lattice Garber, 
Teicher and Vishne proved it for a real line arrangement with up to 8 lines. 

Let G, H be groups that their abelianizations are free abelian groups of finite 
rank. Choudary, Dimca and Papadima [CDP] defined a set $ of natural group 
isomorphisms <p '■ G — > H (which they call 1-marking). In the case of G — 
7Ti(C 2 — S) (where S is an affine arrangement), <p takes the topological structure 
of C 2 — £ into consideration. They prove that if A, B are line arrangements, and 
B is "nice" (in the meaning of Jiang- Yau), then the lattices are isomorphic if and 
only if there is an isomorphism G $ where : vri(C 2 — A)^7Ti(C 2 — B). 

Fan [Fa2] showed that if the graph G(£) is a forest (i.e. a graph without 
cycles), then the fundamental group is a direct sum of free groups. He also con- 
jectured that the converse of his theorem is true. In [Fa3] Fan proved that if the 
fundamental group of the complement is a direct sum of free groups, then the 
arrangement is composed of parallel lines. 

In this paper, we prove his conjecture. Our theorem will state that if the 
fundamental group is isomorphic to a direct sum of free groups, then the graph 
has no cycles. We would like to emphasize that we make no restrictions on our 
isomorphisms. 

The structure of the paper is as follows. In Section 2, we give basic definitions 
related to groups. In section 3 we give basic definitions related to line arrangements 
and the fundamental group of the complement of line arrangements. In Section 
4, we define a function and a special set induced by it. Section 5 deals with some 
special properties of fundamental groups of the complement of line arrangements 
which are direct sum of free groups. In Section 6, we prove the main result of the 
paper. 

2. Definitions and notations 
This section presents the needed definitions for the paper. 

2.1. Lower Central Series. We start by defining the lower central series of a 
group G which will be used throughout the paper. 

Definition 2.1. Commutator group and lower central series 

Let G be a group . The commutator group of G is 

a = G 2 = [G, G] = {{aba- l b- l \a, b e G}) 
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The subgroup G' is normal in G with an abelian quotient. We can define the lower 
central series of G recursively: 

G± = G 
G<i = [G, G] 
G3 = [G, G2] 



G n — [G, G n -i] . 

Since G n+ i contains the commutators of G n , we have G n+ i < G n and the quotient 
G n /G n+ \ is abelian for all nGN. 

To understand these groups, the following identities are needed. 

Proposition 2.2. Witt-Hall Identities [MKS] 

(1) [a, b] [b, a] = e; 

(2) [a, be] = [a,b][a,c][[c,a],b]; 

(3) [ab,c] = [a, [b, c))[b, c][a, c]. 

From the second and third identities we get 

Lemma 2.3. Let G be a group and let {x\, . . . , X).} be the generators of G. 
Then: 

G 2 /G 3 = {[x u Xj]\ i^j, l<i,j<k). 

Proof. If [xy, z] 6 G2, then 

[xy, z] = xyz(xy)~ 1 z~ 1 = xyzy~ x x~ x z~ x = x[y, z]x~ l [x, z\. 

Over G3, we know that [x, [y,z\] = x[y, z]x~ 1 [y, z\~ l = e [y, z] = x[y, z\x~ l . 
We get 

[xy,z] = [y,z][x,z] over G 3 . 
This result means that G2/G3 is finitely generated by the set 

{[x u Xj]\i ^ j, 1 < i,j < k} 
, where the generators of G. □ 

Proposition 2.4. Let G = (x\, . . . ,Xk\R), where the relations R are commutator 
type relations (i.e. every relation r e R can be written as r = [wi , iu 2 ] , Wi , W2 G G 
). Then 



G 2 /G 3 = ( [xi,Xj} 



[x k ,xi] = [xi,x k ] 1 



all generators commute, 
R* 

where R* is set of the relations R written by means of the generators of G2, taken 
modulo G 3 . 

The next Definition and theorem will give us a better understanding of 
and help us in the future. 
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Definition 2.5 ([Ha], p. 165). Let G be a group generated by x±,...,x r . We 
consider formal words or strings b\ ■ b 2 ■ ■ ■ b n where each b is one of the generators. 
We also introduce formal commutators Cj and weights w(cj) by the rules: 

(1) Q = Xj, % — 1, . . . , r are the commutators of weight 1; i.e. u(xi) = 1. 

(2) If q and Cj are commutators, then Ck = [q, Cj] and u{ck) = w(q) + u(cj). 

Theorem 2.6. Basis Theorem[Ha] // F is the free group with free generators 
y±, y r and if in a sequence of basic commutators ci, . . . , q are those of weights 
l,2,...,n then an arbitrary element f £ F has a unique representation f = 



The basic commutators of weight n form a basis for the free abelian group F n /F n+ i. 
2.2. Line Arrangements. 
Definition 2.7. Line arrangement. 

A line arrangement E = . . . , L s } C C 2 is a union of copies of C 1 . 

Remark 2.8. Each time we are mentioning a line arrangement E C C 2 , we assume 
that there are no parallel lines in E. This assumption does not restrict us, since we 
can project every line arrangement in CP 2 to C 2 such that the new arrangement 
does not contain parallel lines. 

Definition 2.9. Let E be a line arrangement. An intersection point in S is called 
simple if there are precisely two lines which meet at that point. Otherwise, we 
call it multiple. 

Definition 2.10. A Cycle 

A cycle is a non empty ordered set of multiple intersection points {pi, . . . ,Pk}, 
such that any pair of adjacent points Pj,Pj+i and the points pi,Pk are connected 
by lines of the arrangement. Moreover, if 1 < j < k — 2, then the line connecting pj 
to pj + i and the line connecting Pj+\ to Pj+2 are different. Also, the line connecting 
Pk-i to pk is different from the line connecting pk to p\. 

Let £ C CP 2 be a line arrangement. The invariant /3(E) which is defined in 
[Fa2], counts the number of independent cycles in the graph. 

Fan [Fa2] showed that /?(£) = if and only if G(S) has no cycles. 

In an analogous way for E C C 2 , we define /3(S) := (3(T, U L^) where is 
the projective line at infinity of C 2 and G(E) := G(E U L^). Note that the new 
definitions are well defined. 

One of the most important invariants of a line arrangement is the fundamental 
group of its complement, denoted by 714 (C 2 — E). 
The next lemma presents its computation. 

Lemma 2.11. Constructing the Fundamental Group ([Aiv],[OT] [CoSu, 
p. 304],) Let E = . . . , L n } C C 2 be a line arrangement, that is enumerated as 
in [CoSu]. 

We associate a generator Tj to each line Li such that 



c?4 2 ■■■c e t t modF, 



n+l- 




r n \R), 
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Every intersection point of lines L^, . . . , Li m creates a set of relations 



h h im 



j-iXm-pZl _ _ _ pa; m _i 

I'X 1m— 1 



F X2 . . . F^mF 1 ! 

«2 im il 



.1 ; 



where X{ G G and r?* 

i£ zs easy to see iaai tois sei is equivalent to the following set: 

[r^r^--r^] = e,i<j<m. 

We get a similar presentation for a real arrangement by using the Moishezon- 
Teicher algorithm [MoTe] and the van-Kampen Theorem [VK]. 

Notation 2.12. We denote by V the set of intersection points. For p G V, we 
denote by Y(p) the set of generators attached to the lines passing through the point 
p and by Y(p) c the set of generators attached to the lines not passing through the 
point p. 



3. DECOMPOSITION OF G 2 /G 3 

Let G be a group. The abelianization of G, denoted by G, is G 
g G G, we denote g — g ■ G 2 . 



G/G 2 . If 



Remark 3.1. Let S G C 2 be a line arrangement, and let p 
Then, G = 7n(C 2 - S) = Y(p) c \R), 



V. 



G/G 2 = G = Ab(G) = (T(p),T(pY\R, [x,y] = e,x,y G r(p) U r(p) c ). 

This Lemma is an immediate implementation of the last section. 

Lemma 3.2. An implementation for line arrangements. Let £ be a line 
arrangement, then the abelian group G 2 /G 3 can be written as 

[Y i ,Y j \[Y k ,Y l ] = [Y k ,Y l \[Y i ,Y j l 

H [Y x ,Y y ],peP,Y y eY( P ) 

r x er(p) 



G 2 j G3 



Proof. A simple implementation of Proposition 2.4 on the presentation of G from 
Lemma 2.11. □ 

Remark 3.3. We can see that if Yi and Y 2 are associated with lines meeting in 
one point and T 3 and T 4 are associated with lines meeting in a different point, 
there is no relation combining [Ti,^] and [r 3 ,r 4 ]. Therefore, 

\r i ,T j ] = \r j ,T i ]- 1 

[Y^YAiY^Yt] = [r^n^r^^r^ g r» 

J] [Y x ,Y y ],Y y eY(p) 



where C p = ( [Yi, YA, Y t , Yj G Y(p) 
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We can see that the generators of the different groups C v in the direct sum are 
disjoint. Consequently, let x G G 2 /G 3 , then x = ©j, g pC p , where c p G C p . 
For each r G V, consider the projection 

£ r : G 2 j G 3 — > C r 

given by 

£ r (x) = £ r ^ Cp^j = C r . 

If Ti G T(r) c , then VT,-, UPi, T,-]) = ^([T^rj) = e. If r^T, G T(r), then 

^([r l ,r J ]) = [r i ,r J ]. 

4. THE STABILIZER OF AN INTERSECTION POINT 

Let G = tt^C 2 - S). Define 

/ : G/G 2 x G/G 2 — G 2 /G 3 

by 

/(<*,&) = [a, 6]/G 3 ._ 
This function is well-defined: If ai = and b\ = b 2 , then a 2 = a±x where 
x G G 2 , b 2 = biy where y G G 2 . Then, by Proposition 2.2: 

[a 2 ,b 2 ] = [aixMy] = [aixM][aix,y] = K^A] = [ai,6i][a;,fei] = [ai,bi], 

so /(al, 61) = /(ai, 6 2 ) • 

The following lemma presents some properties of /: 

Lemma 4.1. Let a,b,c G G/G 2 . Then: 

(1) f(a-b,c) = f(a,c)-f(b,c). 

(2) /(a,6.c)=/(a,6)-/(a,c). 

(3) /(a n , 6 m ) = /(a, 6) nm for m,neZ. 

(4) /(6,a) = (/(a,6))- 1 . 

Proof. 

(1) Let A,B,C G G such that A = a, B = b, and C = c. This means that 
~AB = ab, so by definition, f(ab,c) = [AB,C]/G 3 = ([A, C] [B, C])/G 3 
which by definition is equal to f(a, c)f(b, c). 

(2) The proof is the same as (1). 

(3) Simple induction on (1) and (2). 

(4) Let A, B G G such that A = a, ~B = b. By definition 

/(ft, a) = [B,A]/G 3 = ([A,B]/G 3 y 1 = (/(a, ft))" 1 

□ 

Now for any x G G/G 2 we define 

S(x) = {yeG/G 2 \f(y,x) = e G3 }. 
By Lemma 4.1, S(x) is a subgroup oiG/G 2 . From now on, we talk about a specific 
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intersection point Q. The lines passing through this point are {L iiy . . . , L im }. 
Define: M = T^Tf 2 ■ • • Tf m . Then, as noted in Lemma 2.11, the relations induced 
from the point Q can be translated to [r? 1 , M] = ■■■ = [F*™, M] = e. 



Let m = r h •r i2 ---r i 



Since for each j, = we get that 

/(r-,M) = [rJ,M]/G 3 = e G3 . (1) 

Theorem 4.2. Let Q e V be an intersection point. Let T(Q) = {T^, . . . ,T im } 



an -pxm 

Then 



and M = Iy 1 • • • T 



s(M) = /r(g)u( fl 



rer(Q) 

We call S(M) the stabilizer of the intersection point Q. 

Proof. We start by proving that S(M) 2 ( T(Q) U ( f| 5(F) j 

\ V rer(Q) / 

r(Q) C S(M): We have already shown that if V E T(Q), then f(T,M) = e and 

hence /(M,F) =_/((r, M)) -1 = e. 

fl 5(r) C 5(M): If a; G DrerfQ) then for any T G T(Q), /(r,x) = e. 

rer(Q) 

This means that also the product rirer(Q) /(^' x ) = ^> so by Lemma 4.1 

e= n /(r,i)=/( ( n r ) > x ) =/pm- 

rer(Q) \ \rer(Q) / / 

Therefore x E S(M). 



Since S(M) is a subgroup and we have shown that it contains the union of r(<5) 

and P| S(T), it clearly contains the subgroup generated by the union. 

rer(Q) 

To complete the proof, we prove the opposite inclusion: 



s(M)c(r(Q)u( f| s(r)) 



rer(Q) 

Let x E S(M) C G/G 2 = (T(Q),T(Q) C \R). Then x can be written as x = z ■ y 

where z E (T(Q)),y E (T(Q) C ). We will prove y E p| S(T). 

rer(Q) 

Since ~ E (T(Q)) C S(M), so y = 1^ -z-y = ~x. Hence we get y G S'(M). 

Let Za; be a line passing through Q and be the generator associated with it. 
Recall that y E S(T) if f(T,y) = e. We need to prove that f(T x ,y) = e in G 2 /G 3 . 
From Lemma 3.3 we know that G2/G3 is a direct sum of groups 

G2I G3 = C p , 
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so it remains to prove that f([T x , y]) = e in C p , for all p £ V . Let p £ V . We have 
to show that the projection of the coset [T x ,y]/G 3 on C p is trivial. 

We separate our proof into three cases. 

Case 1: p = Q. 

Since y £ (r(Q) c ) = (T(p) c ) then the projection is trivial by the definition of 
C p . 

Case 2: l x does not pass through p. 

In this case, T x £ (T(p) c ) and therefore the projection is trivial, by the definition 
of C p . 

Case 3: p ^ Q and l x does pass through p. 

By definition of S, /(Ilrer(Q) V) = This means by the properties of / 
(Lemma 4.1 ) that rirer(Q) /(T, 2/) = Since l x passes through p, all the other 
lines passing through Q do not cross p. So if we project any f(T z ,y) where T z is 
any other generator from T(Q), we get the identity. So in C p , 

e= J] f{T,y)=f(r x ,y), 
rer(Q) 

and thus f(T x ,y) = e. 

□ 

5. FUNDAMENTAL GROUPS WHICH ARE SEMIDIRECT PRODUCT 

Theorem 5.1. Let G = (@™ =1 Aj)©Z' where A$ are free groups and let ip : 
G — ► G be a projection where im(^) = (yi,...,yk) = Then, there exists 
r, 1 < r < n, such that Wg £ G, W r (g) = e implies that 4>{g) = e and ip = ip o pr r7 
where pr r : G — > G is the projection onto the subgroup of G naturally isomorphic 
to A r . 

Proof. Let us denote the ll component as A . Since ^ is a projection, ip(yi) — 2/i 
and ij(y 2 ) = y 2 - Then ^([2/1,2/2]) = [2/1,2/2] ^ e. Note: 

n 

[2/1, 2/2] = © Wi{[Vuy2\) +pr ([yi,y 2 ])- 

i=l 

Since A is abelian, pr ([y 1 ,y 2 \) = e, and therefore 

[2/1,2/2] = © pr i ({y 1 ,y 2 \). 

i=l 

Since ^ is a homomorphism: 

^ ( [2/i , 2/2] )= ^ (prx ( [2/1 , 2/2] ) © ••• ©pr n ( [2/1 , 2/2] )) = ^ (prx ( [2/1 , 2/2] ))©••• ©^ (pr n ( [2/1 , 2/2] )) ^ e . 

This means that 3r, 1 < r < n, such that ^(pr r [y!, ?/ 2 ]) 7^ e , so if we denote 
a : = pr r (j/i) and 6 := pr r (y 2 ) we get [V>(a),^(&)] ^ e. 

Since a, 6 £ v4 r , if x £ Aj where j 7^ r, then [2, a] = [2, 6] = e. We get that 

[^(a:),^(a)] = [^(x),^(6)]=e. 

So vjj(x) commutes with two noncommutative elements in a free group and hence: 
ip{x) = e, Vx £ Aj, j 7^ r. This means that if g £ G and pr r (g) = e, then ^(gf) = e. 
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For each g G G, g = v i © • • • © v n © w, Vj G A^iu G Z z , we have that 
ip(g) = ip(vx ®---®v n ®w) = ^{v x ) © • ■ ■ © ip(v n ) © 0>(» = ip(v r ) = ip(pT r {g)). 
Therefore i/) — ip o pr r . 

□ 

For proving the next result, we use the following theorem from [LS]: 

Theorem 5.2. Let <ft be an epimorphism from a finitely generated free group F 
to a free group G. Then F has a basis Z = Z\\}Z 2 such that <fi maps (Z\) 
isomorphically onto G and maps (Z2) to e. 

Corollary 5.3. With the same assumptions of Theorem 5.1 where im(^) = 
(yi,...,yk) — Ffc, for the same r in Theorem 5.1 we can find elements 
{zi, . . . , z m \m > 0} C A r such that 

{pr r (yi), . . . ,pr r (y k ), z x , . . . , z m \m > 0} 

are generators of A r and ip(zi) = e. 

Proof. From Theorem 5.1 and the fact that i/j is projection (ip o ij; — ■0), we get 
that pr r 0^0 pr r oij; — pr r o -0. Therefore, pr r o -0 is a projection. 
Now since (pr r o ip)[A r ) C A r , 

(pr r °ip)\A r ° (pr r otjj)\ Ar = ((pr r o^>) o (pr r oifj))\ Ar = (pr r oi/j)\ Ar . 

Given: 

im(^) = (yi, ■ ■ ■ , y k ) is a free group. (*) 
Now we claim that: {pr r (y 1 ), . . . , pr r (y k )} are the generators of free group ¥ k . 
Otherwise, there exists a nontrivial word w = W(yi, . . . ,y k ) so that pr r (w) = 
W(-pT r (yi), pT r (y k )) = e. Therefore: 

(■0 o pr r )(w) = tfj(pr r (w)) = ip(e) = e. 

By Theorem 5.1: ip = ip o pr r , therefore ip(w) = (ip o pr r )(u>) = e which means 
that w = e, a contradiction to (*). 

In conclusion, we get that (pr r o iJ})\ Ar : A r — > A r is a projection, such that 
im(pr r o -0) = (pr r (s/i), . . . ,pr r (y fc )) = F fc (pr r (yi), . . . ,pr r (y fc ) are the generators 
of F fc ). 

By Theorem 5.2, Ai has a basis i? = Bi{jB 2 such that im(pr r o ijj) — (B\) 
and (pr r o ^)(£> 2 ) = e. Since pr r o ip is a projection, we can assume that 
fii = (pr r (?/i), . . . ,pr r (y k )). Let 5 2 = {z u . . . , z m \pr r o = e}, which means 

that (ip o pr r o i(j)(zi) = e . As we proved earlier, -0 o pr r = -0, so (-0 o i/))(zi) = e. 
But ^ o ip — ■0, therefore ^(zj) = e. 

This implies that v4 r has generators 

{pr r (yi),...,pr r (y fe ),Zi,...,z m } 
which satisfy the needed properties. 

□ 

Without loss of generality, we temporarily change to a local numeration. 

Let G = vr^C 2 - S) = (T^ . . . , T n , T n+1 , ...,T t \R), where T(A) = {T 1 ,...,T n } 
are the generators of the lines which participate in a specific multiple intersection 
point called A. 
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Definition 5.4. [Jo] Let G be a group with a given presentation: G = (X\R). A 
Tietze transformation Tj (1 < i < 4) is a transformation of (X\R) to a presen- 
tation G = (X'\R') of one of the following types: 

(Ti) If r is a word in (X) and r = e is a relation that holds in G, then let 

X' = X, R' = RU{r}. 
(T2) If r £ R is such that the relation r = e holds in the group (X\R — r), then 

let X' = X, R' = R\{r}. 
(T 3 ) If w is a word in (X) and z <£ X, put X' = X U {z}, R' = RU {wz- 1 }. 
(T 4 ) If z G X and iw is a word in the other elements of X such that wz -1 e i?, 

then substitute w for 2 in every other element of R to get R and take 

X' = X - {z},R' = R. 

Before introducing the notion of a braid monodromy [MoTe], we have to make 
some constructions. From now, we will work in C 2 . Let E (resp. D) be a closed 
disk on x-axis (resp. y-axis), and let C be a part of an algebraic curve in C 2 
located in E x D. Let iri : E x D ^ E and ir 2 : E x D ^ D be the canonical 
projections, and let n = m\c '■ C —> E. Assume 7r is a proper map, and deg7r = n. 
Let N = {x e E I #7r _1 (a;) < n}, and assume X n dE = 0. Now choose M e dE 
and let K = K(M) = 7r -1 (M). By the assumption that deg7r = n (=>• #X = n), 
we can write: X = {a±, a 2) ... , a„}. Under these constructions, from each loop in 
E — N, we can define a braid in B n [M x D, K] in the following way: 

(1) Since deg7r = n, we can lift any loop in E — N with a base point M to a 
system of n paths in (E — N) x D which start and finish at {ax, a 2 , ■ ■ ■ , a n }. 

(2) Project this system into D (by 7^), to get n paths in D which start and end 
at the image of K in D (under 112). These paths actually form a motion. 

(3) Induce a braid from this motion, see [Ga] . 

To conclude, we can match a braid to each loop. Therefore, we get a map 
a : tti(E — N, M) B n [M x D,K], which is also a group homomorphism. This 
map is called the braid monodromy of C with respect to E X D,7Ti,M (see 
[MoTe], [Ga]). 

The following remark demonstrates the necessity of the condition that there are 
no parallel lines in the affine plane : 

Remark 5.5. Let S be a line arrangement with no parallel line in the affine plane. 
Let r±, . . . , Ti be the generators of vri(C 2 — S). Then 

r x • ..r, ez^ (c 2 -s)). 

Proof. Let a : 7i"i(C — S) — > B n be the braid monodromy of S. By Remark 4.7 in 
[CoSu], the closed braid determined by the product a{Ti) ■ ■ ■ a(T{) is actually a link 
of the curve at infinity. In a generic curve, we have : a{T\) ■ ■ ■ a{Yi) = A 2 , where A 
is the braid which rotates by 180° counterclockwise all the strands together. One of 
the presentations of the fundamental group is: {Ti, . . . ,Ti\a(si)(Tj) = TjWi,Wj), 
where s« is the loop created in the result of the projection of the 

line arrangement on the plane [VK]. Therefore, a(si) is a braid acting on the 
generators of the fundamental group. As a result a(si ■ ■ ■ s n )(Tj) = Tj,\fj, which 
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means A 2 (Tj) = Tj,Vj. It is known that A 2 (x) = x ri ' r ' and thus r/ 1 "" r ' = Tj. 
Hence, I\ • • • Tj G Z(7n(C 2 - £)). □ 

Let G = 7n(C 2 - S) = (r l5 . . . r n , r n+1 , . . . , r,|i2), where T{A) = {T 1 , . . . ,T n } 
are the generators of the lines which pass through in a specific multiple intersection 
point called A. 

Let us recall that the lines passing through Q are {L i± , . . . ,L im }. Recall also 
M = 

Theorem 5.6. With the same assumptions of Theorem 5.1 and Remark 5.5, let 
H := (Tjj, . . . , r, m _ 1 ) . Let N be the normal closure of {T(Q) C , M}. Let fi:H—> 
G be the natural embedding and f 2 : G — > G/N the natural homomorphism. Then: 

(1) G/N = F m _x which is generated by /^(IV), 1 < j < m — 1; 

(2) H = F m _ i; 

(3) G = 7VxF m _ i; 

(4) There exists a projection h : G — > G (h 2 = h), such that im(/i) = H and 
ker(/i) = N. 

Proof. (1) We can present G/N = (T(Q),T{Q) C \R, M,T(Q) C ) . Denote T(Q) C = 
{z\, . . . , Zk}- By applying iteratively Tietze's transformation (T4) for every 
2i g r(g) c , we obtain G/N = (T(Q)\R, M), where R, M are obtained from 
i?, M by substituting e for 2j, 1 < % < A;, in every other element of R and 
M, respectively 

Let v G T 7 with u 7^ Q be an intersection point, and let r be the relations 
induced by v. 

Now we can get the following: 

(a) If there is a line L that goes through both points v and Q and the 
generator attached to L is IV for some j, 1 < j <m, then the relations 
r become [r? , 1, . . . , 1] for some x. These relations are trivial. 

(b) If the points v and Q do not share any line, then the relations r become 
[1, . . . , 1], which are also trivial. 

Let us denote by W the word W after rewriting. Due to the above obser- 
vations, using the presentation G/N = (T(Q)\R, M), then 

G/N={T il ,...,T i J[Tf,...T% : ],M). 
This is equal to 

(r n , . . . , rj[rf , m], . . . , [rf, m], m) = F m _ x . 

(2) Assume otherwise. Then there exists a non-trivial word w (r ii; . . . , T im _ 1 ) = 
e. So applying / 2 , we get a non-trivial word wf^tTiJ, . . . , /^(IY^J) which 
is not possible by (1). 

(3) From the first paragraph, we get that f 2 o fi is a surjective function from 
F. m _i to F m _i and therefore it is an isomorphism. 

(4) Derived directly from (2) and (3). 

□ 
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By the last theorem: Let Q G V , T(Q) = {T^, . . . ,T im }. Then there is a 
projection h : G — > G such that im(/i) = (T^, . . . , r im ) and ker(/z) is the normal 
closure of (T(Qf,M). 

By Theorem 5.1 and Corollary 5.3 we get that 3r, 1 < r < n, such that 
A r = {wx, . . . , w n -i, zi, . . . , Zk\k > 0} and h — h o pr r , pr r o /i is a projection, 
Tj = h(wi), h(zi) = e,b{ = TiWi~ l , h(pi) = e (note that h has the role of ip). 

Claim 5.7. A = pr^M)). 

Proof. We start by proving that pr r (M) = e: for all x, y and ji ^ j2- Since T^. 
and r ij2 are different generators of the free group im(/i): /i([r? ]) ^ e. We 
know that h — ho pr r , so we get (h o pr r )([Tf ]) = /i([Tf. ]) 7^ e, therefore 

J 1 .72 ^ 1 ^2 

Prrlfr^r^j) ^ e - Hence, for x = x h ,y = x h , pr r ([T^r^ 3 ]J 7^ e. We know 
that [r^ Jl ,M] = e, so the elements pr r (T^), j = 1,2, commute with M but do 
not commute with each other in the free group A r , therefore pr r (M) = e. 
The next step is to prove that A r C S(M). Let a G A r . Then there exists a* G A r 
such that a* = a. Since pr r (M) = e and a* G A r , by the properties of direct 
sum [a*,M] = e. Therefore [a*,M]/G 3 = ec 3 - By definition f(a,M) = ec 3 which 
implies that a G S(M). 

Hence, we have A r C pr r (5(M)). The opposite inclusion is trivial by definition, 
and thus ~A r = pr F (S(M)). □ 

By Theorem 4.2, S(M) = <{r~, . . . , f"} U {fX=i S(T~)}), therefore: 

A = pr F ^{r n ,...,r Jm }uf|s(r H 

{pr r (r il ),...,pr r (r im )}Upr f I p| s(r" 



We claim that the right part of this generating set is trivial: 
Claim 5.8. 

m 

k=i 

Proof. It is known that for any two sets A, B and a function F that F(A PI B) C 

fl 5(r lfc ) c n[p%(5(r Jfc ))]. 

fc=l / fe=l 

As we mentioned A r = (pr r (ri), . . . , pr r (r m ), zi, . . . ,z q \q > 0). 



In other words: A r = (Pi, ... , P m+q ) where 
Pk = 



pr r ,(r ife ) k ^ m 
Zk- m m+l^k^m + q 
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Let g E pr F (S , (r i J) C ~A r , therefore g = Pi 1 ■ ■ ■ (3 q+m tm+q . Without loss of 
generality, we can choose that g = (3^ ■ ■ ■ P^+q- By Theorem 5.1 we know that 

G — A\ © ■ • • © A r © ' ' ■ ffi A n © TL . 

We define D = A l © • • • © A~ r © • • • © A n © Z e , then G = A r D. 
Hence, there exists g 2 G D such that g ®~g~2 G S(T ik ). 

Let (p : G — > D be the natural projection, and define r\ k := ip(T ik ). Hence, it 
implies that T h = pr r (r ifc ) © r) k . 



e c 3 = /(r^©^) = /(pr r (r ifc ) ®Vk,g®g2) 

= f(w r (r ik ),g)f (pr r (r ik ) t g5)f(rfc,g)f (rfc, gt) . 
By the definition of /, this implies that 

Since pr r (r ifc ),£ e A r , and 5-2,% G D, then [pr r (I\),# 2 ] = [77*., #] = e Gs . 
Therefore [pr r (r ifc ), g][rj ki g 2 ) E G 3 = (A r ) 3 © D 3 , which means [pr r (T ik ),g] e 
{A r ) 3 ,[rj k ,g 2 } G D 3 . 

The fact that (A r ) 2 / (A r ) 3 = ([Pi, Pj]\l < i < j < m + g) is derived directly from 
the definition of A r . Hence, (A r ) 3 3 [pr r {T ik ),g} = [p k ,g] = \p k ,ft ■ ■ ■ Pt+g] = 
[P k ,P 1 ] t ^--[P k ,P k }^---[P k ,P m+q } t ^. 

Note that [P k , P k ] = e. By [Ha], {[Pk,Pj]\j 7^ k} are generators (or inverses) of 
(A r ) 2 / (A r ) 3 which is a free abelian group. Since every generator appears at most 
once, we get tj = for all j ^ k . 

As a conclusion, g = p k k e (P k ) = (pr r (T ik )). Soge (pr r (r ifc )). 

To summarize, we have shown that if g G (pr F (S(T ik ))) then g G {pi ¥ (T ik )). 

Therefore, (pr F (5(r ifc ))> C (pr F (T ifc )>. 

As a conclusion, f| (pr F (SiTi J)) C f| (pr r (r ifc )) = e, and hence pr F ( f| S(T ik ) \ = 

k=l k=l ^k=l ' 

{e} as claimed. □ 



Since F h ■ ■ -T im = e, A r = (r il} . . . ,T im _ 1 ). As a result, A r = pr F (r il , . . . ^j^). 
Consequently, rank(A r ) < m — 1. 

We know that A r = (w\, . . . , w m -i, z\, . . . , z t \t > 0). Combining these two facts 
together and by Corollary 5.2, we get A r = (w±, . . . , w m -i), where 

Vi = (P r r ° h )(X X ip- 

From Theorem 5.1, ho pr r = h. Since h is a projection /i 2 = h. Hence, we get : 

pr r oh — pr r ofto pr r o h = pr r oho h = pr r o h, 

which means that pr r o h is a projection too. Recall that 

A r = ((pr r o h)(r h ), (pr r o /i)(r im _J). 

Therefore (pr r o h)(wj) = (pr r o /i) o (pr r o h)^^) = (pr r o /i)(r ij ) = ly^. Hence we 
get that (pr r o h)(A r ) = A r . 
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Now if U is a line that does not pass through the point Q and T{ is the generator 
of li, then h(Ti) = e and therefore (pr r o h)(Ti) = pr r (e) = e. 
From this investigation, we get the following theorem. 

Theorem 5.9. Let E be a line arrangement and ^(C 2 — E) ~ (0iLi^.i) © ^ 
where Ai is a free group. Then for any multiple point Q in the arrangement with 
k lines, namely, {Zi, . . . there exists r, 1 < r < n,and a projection onto A r , 
ifQ : G — > G such that A r = {(pq(Ti), . . . , ^(r^)) = ^k-i- If lj is a line do not 
pass through the point, then </?q (]?_,•) = e. 

Moreover, ifpi, . . . ,p m are the multiple points o/E and Hi is the number of lines 
pass through the point p i} then G = Cj) © B , where C{ = F n ._i. If I is a 

line which does not pass through p^ and let V be its corresponding generator, then 
prj(r) = e ( where pr^ is the projection onto Ci). 

6. Main Theorems 

Theorem 6.1. Let E C C 2 be a line arrangement which has no pair of parallel 
lines. Then if 

r 

7n(C 2 -E) = 0^©Z Z , 

i=X 

where Ai are free groups. Then /9(E) = 0. 

Proof. Assume by negation that /5(E) ^ which means that there is at least one 
cycle in the graph of E. Let us pick a minimal cycle in the following sense. The 
cycle contains r points, namely {pi, . . . ,p r } and pi is connected in the cycle only 
to and pi + \ (the indices are taken modulo r). In other words, a cycle with no 
sub-cycles. 

By Theorem 5.9, we can write G = (®[ =1 Ci) © B\ where B\ is not necessarily 
abelian. If / is a line that does not pass through the points in the cycle and 
let T be its corresponding generator, then pr^(r) = e, 1 < % < r. Define N = 
(Txx, Tx t , T 1 ■ ■ ■ T n ), where T Xl , ■■-,^x t are the generators of lines that do not 
participate in an intersection point pi, 1 < % < r. Denote Z = T\ • ■ - Y n . Let 
H := G/N. 

Let Hi be the number of lines passing through pi. 

On one hand, since we have b := Y7i=i ( n i ~ 1) lines participating in the cycle, 
then if we denote by Ti, . . . ,Ff, the generators associated with the lines partici- 
pating in the cycle, then H = (r 1; . . . , T^i?, Z) where R is the relations which are 
derived from the original relations. Therefore, it is easy to see that rank(i/) < b—1. 

On the other hand, for 1 < i < r and 1 < j < t, pr^fTx ) = e and also 
r\ • • ■ T n e Z(G) => pi i (T 1 ■ ■ -r n ) = e pr 4 (JV) = e and hence G t /N = C t . 
= G/N = (0 ^ d © Si) /N. Since Q = F n ._i, C- = Z n ^\ 

H_= m=i Ci) © 

H = (0 4 r =1 Z^" 1 ) © B 1 /N = Z b @ BJN 

rank(if) > b, a contradiction. □ 
We are now ready to prove the converse of Fan's theorem. 
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Theorem 6.2. Let E C CP 2 be a line arrangement. If 

r 

7n(CP 2 -E) = 0^©z<, 

1=1 

where A t are free groups. Then /3(E) = 0. 

Proof. Suppose that E C CP 2 is an arrangement of complex projective lines such 
that 71"! (CP 2 \ E) is isomorphic to a direct product of free groups. Let L C CP 2 
be a complex projective line which is in general position to E. Then L and E 
intersect at double points. Choose an arbitrary complex projective line of X and 
denote this line by L x . Note that C 2 = CP 2 \ L = CP 2 \ L x . By applying the 
product theorem of Oka and Sakamoto [OkSa], we have 

tt^CP 2 \ (E U L )) = ^((CP 2 \ L x ) \ ((E \ L0 U L )) 

= 7n((C7P 2 \ L x ) \ (E \ L0) © ^((CT 2 \ Lx) \ L ) = n^CP 2 \ E) © Z. 

This calculation shows that 7ir(CP 2 \ (E U L )) is a product of free group. Note 
that 

7n(CP 2 \ (E U L )) = MiCP 2 \ L ) \ (S \ L )). 
Note that E \ L is a union of complex lines in the complex plane CP 2 \ L such 
that no two lines of this arrangement are parallel. 

By Theorem 6.1 /3(E \ L ) = 0, therefore /5(E) = /?(E \ L ) = 0. 

□ 
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